Practice Problems Subspaces, Bases & Dimension Math 201-105-RE

1. Letus = (3,—1,2) and uz = (3,1, 5). 8. Letuz = (2,3,-1,), uz = (5,4,—-1), ug = (5,-3,2),
ug = (0,6,—2), us = (0,—15,5).
Determine whether each set is linearly independent or linearly

(a) Express the vector v = (9,11, 27) as a linear combination

of uy and ugz if possible.
dependent. In each case, state whether the span of the set is a

(b) Find k such that the vector w = (—5, 4, k) is a linear com- point, line, plane, or R®.
bination of u; and usz. (@) {u1,us}
6 9 7 (b) {11171127113}
2. Letay = [3|,a2 = |—-3|,andb = [6].

4 5 b (© {uz,u3,us}

(d) {uz,u3,us,us}

(e) {us,us}

(b) For the h that you found in the previous part, express basa 9. Let uy = (0,-5,5,), uz = (0,3,-3), us = (1,1,1),
linear combination of a; and as. us = (1,0,1), us = (2,2,0), and 0 = (0,0, 0).

Determine whether each set is linearly independent or linearly

(a) Find h so that b is in Span{ai,as}.

3. Letby = (h,5,7), by = (—1,3,7),and bg = (1, 1,2).

d dent. (LI or LD?) I h € hether the s f
Find h so that by € Span{br, bs}. ependent. (LI or ) In each case, state whether the span o

the set is a point, line, plane, or R3.

4. (a) Express the plane x — 3y 4+ 4z = 0 as a span of vectors. (@) {ui}
(b) Express the intersection of the two planes ¢ — 3y +4z = 0 (®) {ur,uz}
and 2z + z = 0 as a span of vectors. (¢) {u1,uz,us}
5. Find an equation of the plane in form Az + By + Cz = D (d) {uz,us,us}
that is spanned by the vectors (2,3, —1) and (4, 1, 5). () {uz,us,uy,us}
6. Letuy = (2,0,3,—1), uz = (—4,0,—6,2), us = (5,5,0, 3), ® {us,us}
ug = (1a377675)’0 = (0507070) (g) {U4,U5,0}
Determine whether each set is linearly independent or linearly M {0}
dependent.
@ {us} 10. Determine if the following sets are subspaces. For those that are,
a) {u
! express the set as a span of vectors. For those that are not, pro-
®) {ug,uz} vide a counter-example to show it is not closed under VA or SM.

@ S={(z,y,2) ER} |z =4s—t, y=s+3t,z = 6s}
(© {111,112,113}

b) S={(z,y,2) € R} 3z 44y — z = 2}
@ {ua,us, ua} © S ={(z,9,2) €R?| 2* = ay}
() {us,usa} (d) S ={(zy,2) € R x+2y—32=0}
(f) {us,ua,0} © S={(2y,2) €R’|y >z}
7. Letws = (5,2, —1,6), uz = (3,1,0,2), (0 S ={(@y) eR*|w=4+2ty=—6-3t}
us = (1,1,-2,6),us = (1,1, -2,1), us = (1,0,0,0). (@ S={(z,y,2) ER}|y+2>—-1}
Determine whether each set is linearly independent or linearly (h) S={(z,y,2) € R® z =2z — 3y}

dependent.
(@) {u1,uz} (i) y| €R’| ay+2=0

S_{
(b) {111,112,113}
T
(©) {u1,u2, u3, 14} ) S:{ ERY| 2=y 2
(d {112,113,114,115}

(e {u37 Ug, 115}

k) eR? =06t y=4tsomet € R

® {us}



11. Let L 2 3
. Leta; = , Ay = ,a3 = .
DY R F T R

(a) Express a3 as linear combinations of a; and a» if possible.

(b) TIs {a1} a basis for R?? Why or why not?

(¢) Is {a1,az, a3} a basis for R*? Why or why not?

(d) Is {az, a3} a basis for R*? Why or why not?

12. Letui = (4,2,5),uz = (3,—1,—2), and us = (6, 2,0)

(a) Is {u1,uz, us} abasis for R*? Justify.

(b) Is it possible to express us as a linear combination of ui

and uz? Justify without solving.

(c) Is it possible to express the vector (9, 5, 2) as a linear com-

bination of ui, uz, and ug? Justify without solving.

2 10 -1
13. Let A=1(3 1 1| andv=| 2
1 01

(@) Is vin Nul(A)? Justify your answer.

(b) Isvin Col(A)? Justify your answer.

1 -1 0 2 0
14. Let A= |1 —1 0|,vi=|2| andvy = [0].
0 0 O 0 2

(a) Find a basis for Col(A).

(b) Find a basis for Nul(A).

(¢) Is v1 in Nul(A)? Justify your answer.

(d) Is vy in Col(A)? Justify your answer.

(e) Is vz in Nul(A)? Justify your answer.

(f) Is vz in Col(A)? Justify your answer.

15. Leta; = (2,3,—1,1), az = (=2, —3,1, —1),
as = (2,3,1,5), a2 = (2,3,2,7), a5 = (4,6,3,12).

Find a basis for S = Span{ai, az,as, a4, as}.

2 -6 5 3 -8 18

16. Thematrix A= | -3 9 -1 -5 -1 -36
0 0 4 8 -8 36

1 -3 00 1 4

hasreducedfoom R= | 0 0 1 0 -2 -1

0 001 0 5

17.

19.

20.

21.
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(a) Choose a basis for Col(A) from the columns of A.
(b) Choose a basis for Nul(A).

5 4 1 01 13
4 -1 1 14
The matrix A = b 0
-4 —4 0 0 0 -—12
3 2 1 01 7
1 0 1 001
01 -1 0 0 2
reduces to R =
00 O 010
00 0 O0O0OO

(a) Choose a basis for Col(A) from the columns of A.
(b) Choose a basis for Nul(A).

6 -9 2 —-12 1 8
— 4 2 -1
. The matrix A = 6 95 o
8 —12 1 —-26 0 9
0 0 3 18 3 3
1 -3/2 0 -4 0 1
reduces to R = 0 01 601
0 00 010
0 00 0 00

Let a1, a2, as, aq, as, ag be the columns of A.

(a) Choose a basis for Col(A) from the columns of A.

(b) Express each column of A that is not in your basis as a lin-
ear combination of your basis vectors.

(c) Find a basis for Nul(A).

3 3 a c 1 e
Thematrix [ b 2 —8 6 f 15
0d 021 6
104 -1 00
hasreducedform | 0 1 0 2 0 5
000 011
Find a, b, c,d, e, and f.

2 a b 3 b c
d 9 e =5 -1 —-36
004 f -8 36
1 -300 1 4
010 —2 -1
0 001 0 5
Find a,b,c,d, e, and f.

The matrix

has reduced form | 0

Suppose A is n x m, Dim( Col(A)) = 2, Dim(Nul(A4)) =3
and Dim(Nul(AT)) = 4. Find n and m.



22.

23.

24.

25.

Suppose A is an 5 X 8 matrix.

(a) What is the minimum nullity of A?

(b) Can the system Ax = 0 have a unique solution?
(c) What is minimum nullity of AT?

(d) Can the system A”x = 0 have a unique solution?

Suppose A is a 6 x 4 matrix, and that the nullity of AT is 3.
(a) Find the nullity of A.

(b) Does the system Ax = 0 have a unique solution?
(c) Are the columns of A linearly independent?

Suppose A is 5 x 3 and the general solution to the equation

T 1 5 -2
Ax =bisgivenby |y|=[ 0 [+s|1|+t| O
z -3 0 1

(a) Find the general solution to Ax = 0.
(b) Find the rank of A.

-3 5
Suppose Nul(A) = Span 41,10 for a matrix A,
2 1
6
and that u = | —1 | is one particular solution to Ax = b.
2
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What is the general (parametric) solution to Ax = b?

26. Suppose the general solution to Ax = b is given by

T 1 1 0
z 3 -2 5

(a) Find a non-zero solution to the homogeneous equation
Ax =0

(b) Find the general solution to Ax = 2b.
(Hint: A(2x)=2(Ax).)

-2 5 6 T
27. Letu= | 1 |[,v=|[0|,w=|—4]|,andx = |y].
0 1 3 z

Suppose A is 7 x 3, and that Nul(A4) = Span{u, v}.
(a) Find the nullity of A.

(b) Find the rank of A.
(c) Give the general solution of Ax = 0 in parametric form.

(d) Give the general solution of Ax = Aw in parametric form.

ANSWERS ON NEXT PAGE.



ANSWERS:

1. (@) v=—4uy + Tua. (f) Yes. S = Span{(2,—3)}.
(b) k=1/6.
2. (@) h=5. (g) No. Not closed under SM or VA.
() b=5a, — la C-E: Letu = (0,0, —1) and k = 2. The vector u € S,
EhE A butku=u+u¢s.
3. h=1T7.
A 1 0
o 3 N (h) Yes. S = Span<{ 0], | 1
4. (a) The plane is given by Span 1].10 9 _3
0 1
(i) No. Not closed under SM or VA.
—1/2 C-E:Letu = (1,1,—1) and k = 2. The vector u € S,
(b) The line is given by Span 7/6 buthu=u+u= (2,2 -2)¢S.
1
5. 8¢ — Ty — 5z = 0 or any non-zero multiple. M1 0
(G) Yes. S = Span 01],|1
6. (a) LL 7. (a) LL -2 |1
b) LD. b) LD. -
(b) (b) 6 0
(c) LD. (c) LD. (k) Yes. S = Span< |4/,
(d) LL (d) LL 0] |1
() LL (e) LL 1. (a) as = Fa1 + gao.
(f) LD. ) LL (b) No, since Span{a;} # R?. (Takes at least two vectors...)
(c) No, since {a1, az,as} is linearly dependent.
8. (a) LI. Plane. 9. (a) LI Line. (...and no more than two.)
(b) LD. Plane. (b) LD. Line. (d) Yes, since {az, a3} is linearly independent and spans R?.
(c) LL R (c) LD. Plane 4 3 6
(d) LD. R3. (d) LL R?. 12. (a) Yes,since |2 —1 2| #0.
5 -2 0
(e) LD. Line. (e) LD.R3.
® LLPI (b) No, since {u1, uz, us} is linearly independent.
. Plane.
¢) Yes, since Span{ui, us,uz} = R3.
(2) LD. Plane © pan{us, uz, us}
h) LD. Point.
@) o 13. (a) No. Av # 0.
4 -1
10. (a) Yes. S = Span 1 3 (b) Yes. Ax = v is consistent.
6l 1o 1 -1 0 2 0
(b) No. Not closed under VA or SM. C-E: Let u = (1,0, 1). 14. LetA =1 -1 0f,vi= |2 andv;= 0}
ue S,but2u=u+ué¢s. 000 0 2
1 1 0
(@) (b) 1|,

(c) No. Not closed under VA. C-E: Let u = (1,0,0). Let
v = (0,1,0). The vectors u and v are in S,

butu+v=(1,1,0) ¢ S. (¢) Yes, Avy = 0.

_2 3 (d) Yes, vi = 2aj, double the first column of A.
@ Yes. $ = Nul[ 1 2 -3 ] = Span 1|, (©) Yes. Ava = 0.
(f) No, Ax = v3 has no solution.
(e) No. S is not closed under SM. C-E: Let u = (0,1, 0) and 2 2
k = —1. The vectoru € S, 15. Basis for S- 3 3
but ku = —1(0,1,0) = (0, —1,0) ¢ S. -1 |1
1 5
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[ 2 5 3] 21. n=6,m =5.
(2) Basis for Col(A): | =3|, |=1|, -5 22. (a) Max Rank of A = 5, so Min Nullity of A = 8 — 5 = 3.
0 4 8
- T (b) No. Solution must have at least 3 parameters.
3 —1 —4
. . T .
1 0 0 (c) Min Nullity of A* is 0.
0 2 1 (d) Yes. Solution is unique when Nullity of A is 0.
(b) Basis for Nul(A): , , d Y
0 0 =5 23. (a) 1.
0 1 0 . . .
0 0 1 (b) No. There will be one parameter in the solution.
-_ _5 _ ) ~ _4 i 1__ (c) No. There is a non-trivial solution to Ax = 0.
. 4 5 1 S I I
(a) Basis for Col(A) : “al v loal o Lo 24. (a) |y|=s|1|+t| O
EN 9 1) z 0 1
- (b) Rank of A = 1.
e I R I e 6 — 3 5t
1| |o| [-2 v oo
(b) Basis for Nul(A) : , , z = 2 + 25 + t
0 1 0
0 0 0 26. (a) (x,y,%) = (1,0,—2), for example when s = 1 and ¢ = 0.
0 0 1
- - T 2 1 0
(a) Basis for Col(A) : {a1,a3,a5}. ®) |y|=14| +s| 0| +¢|1].
(b) az = —3ay, a4 = —4a; + 6a3, ag = a1 + as. z] |6 -2 5
'3/2' r 4 7 '_1' 27. (a) 2.
1 0 0 (b) 1.
0 —6 -1
(c) Basis for Nul(A) : , , . r o= —2s5+45t
0 1 0 (©) y = s
0 0 0 s = ¢
L0 LO] 1]
r = 6—2s+5t
. (a,b,c,de, f) = (12,-2,3,1,16,5). (d) y = —d+s
. (a,b,C,d,e,f):(*67 787 185 7377178) ¥4 3+t
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